We derive a set of relations among the thermal components of the threepoint function and its spectral representations at finite temperature in the real-time formalism. We then use these to explicitly calculate the three-point spectral densities for φ 3 6 theory in the hard thermal loop approximation and relate the result to the case of hot QCD.
I. INTRODUCTION
Spectral functions are essential and useful in finite temperature field theory [1, 2] because a large number of transport coefficients are given directly by them [3] [4] [5] . Furthermore, studying the spectral functions may help us to understand the quasi-particle structure of field theories at finite temperature as well as to identify the microscopic processes underlying their dynamics. In this paper we derive expressions for the spectral densities of the threepoint Green functions in finite temperature field theories within the Closed Time Path (CTP) formalism [6] [7] [8] and evaluate the spectral densities of the three-point function for φ 3 theory using resummed propagators in the "hard thermal loop" (HTL) approximation [9] [10] [11] .
In the imaginary-time formalism (ITF) [2] , one obtains the spectral densities from the discontinuity of the Green functions across the real energy axis after performing an analytic continuation of the imaginary external energy variables to the real axis [12] . Explicit expressions for the spectral densities for the three gluon ITF vertex in QCD in HTL approximation were derived in Ref. [11] .
In real-time formulations of finite temperature field theory the number of degrees of freedom is doubled, leading to a 2×2 matrix structure of the single particle propagators. The external energies remain real, and the complicated summation over the Masubara frequencies followed by analytic continuation is avoided. In Ref. [13] Kobes and Semenoff derived Cutkosky rules for calculating the imaginary parts of thermal two-point functions using the formalism of Thermo-Field Dynamics (TFD). Spectral representations of the three-point
Green functions were derived in [14] using the notation of "circled" vertices. Recently these cutting rules were reexamined in the CTP formalism in Ref. [15, 16] and given a simple physical interpretation in Ref. [17] .
A useful technical simplification for perturbative calculations in real-time finite temperature field theory is provided by the decomposition and spectral representation of the three-point vertex given in Ref. [18] . Missing in that paper is an explicit expression of the spectral densities in terms of the thermal components of the real-time three-point vertex function. This hole is filled in by the present paper.
We then apply these expressions to the three-point vertex for φ 3 theory in 6 dimensions.
We evaluate the corresponding spectral densities explicitly in the hard thermal loop approximation. It is well-known [2, 9] that field theories with massless degrees of freedom develop at non-zero temperature infrared divergences which usually signal dynamical mass generation and in many cases can be dealt with by resummation of the "hard thermal loops" [9] . In φ 3 theory the situation is even a little more complicated: the effective potential is unbounded from below, and in the massless limit the theory doesn't even have a metastable ground state. By adding to the Lagrangian a non-zero, positive mass term the theory develops a metastable, local minimum at φ = 0 which, at zero temperature, is perturbatively stable in the limit of small 3-point coupling constant g [10] . At non-zero temperature, however, the tadpole diagram contains a temperature dependent finite, but negative contribution which shifts the position φ of the metastable vacuum to negative values and reduces the effective boson mass [10] . This effect must be taken into account self-consistently via resummed propagators in order to avoid unphysical infrared divergences signalling an expansion around the wrong vacuum.
We will use the CTP formalism [6, 7] throughout this paper in the form given in
Refs. [8, 18] . In this representation of the real-time formalism the single-particle propagator in momentum space has the form
where
Here n(p 0 ) is the thermal Bose-Einstein distribution
and ρ(p) is the two-point spectral density which for free particles is given by
The paper is organized as follows. In Sec. II we review some useful relations among the thermal components of three-point function and their spectral representations. In Sec. III we evaluate the spectral densities for φ 3 theory in HTL approximation. In Sec. IV we discuss and summarize our results. Some technical details of the calculations are given in the Appendix.
II. SPECTRAL REPRESENTATION OF THE THREE-POINT VERTEX
In this Section we shortly review some useful relations among the different thermal components of the three-point functions and their spectral represntation. Equivalent (although not identical) relations have been reported in the literature [7, 13, 14, 19, 20] in different notation. For simplicity of presentation we consider the three-point vertex function for φ 3 theory, The thermal components of the three-point vertex are defined by [7] 
). Following Ref. [21] we defined the process of "tilde conjugation" by reversing the time order in coordinate space:
time-ordered products become products with anti-chronological ordering, and θ(t) becomes
θ(−t).
Using the identity θ(t) + θ(−t) = 1 it is straightforward to show that 
In momentum space tilde conjugation turns out to be equivalent to complex conjugation and, using the KMS condition, one finds [7, 20] 
These identities show that at most three of the eight thermal components of the real-time vertex function are independent.
B. Largest and smallest time equations
If t 3 is the largest time argument, one obtains from (5a) and (5b) the identities
Here θ ij ≡ θ(t i − t j ). Similarly one derives the more general relations
where a and b can be either 1 or 2. By tilde conjugation one obtains from these equations the following relations:
Eqs. (10) and (11) are the analogues of the "largest time equations" and "smallest time equations", respectively, of Ref. [13] . They will be used extensively in the derivation of the spectral representations of Appendix A. Their generalization to arbitrary n-point functions is straightforward.
C. Physical vertex functions
One can construct the "retarded", "forward", and "even" vertex functions from the eight components of the three-point function as [7, 18] .
Inversion of these equations together with Eq. (6) yields expressions for the thermal components Γ abc in terms the above "physical" vertex functions; they are given in compact form in Ref. [18] .
Since only three of the eight components of Γ abc are independent (see Eqs. (6) and (7)), one can eliminate the "forward" and "even" vertex functions in terms of the three retarded vertices. Thus all components of Γ abc can be expressed through Γ R , Γ Ri , and Γ Ro [19, 18] .
D. Spectral integral representations
In Ref. [18] the following integral representations for the retarded vertex functions in momentum space were derived (in slightly different notation):
The spatial momenta k 1 , k 2 , k 3 =−(k 1 +k 2 ) are the same on both sides of these equations and have therefore been suppressed. The frequency arguments of the spectral functions under the integrals are ρ i ≡ ρ i (Ω 1 , Ω 2 , Ω 3 ), with Ω 1 + Ω 2 + Ω 3 = 0. In Appendix A we give a short derivation of these integral representations from which it follows that in momentum space
The spectral integral representations (13) differ from those given in Eqs. (31) of Ref. [18] because they use different spectral densities. The spectral functions ρ 1 , ρ 2 used here are not simply related to ρ A , ρ B of Ref. [18] : while it follows from Eqs. (14) that ρ 1 and ρ 2 are real in momentum space, ρ A and ρ B are instead real in coordinate space and satisfy a more complicated relation (Eq. (28) of Ref. [18] ) in momentum space. Still, both sets of spectral integral representations are correct; the one given here appears to simplify things in practice, however (see below).
III. EVALUATION OF THE SPECTRAL DENSITIES IN HTL APPROXIMATION
In this Section we calculate the three-point spectral functions ρ 1 , ρ 2 for φ 3 theory in the hard thermal loop approximation [9] . As interaction term in the Lagrangean we use
From Eqs. (7) and (14) we have
For ρ 1 we thus must evaluate only the single Feynman diagram in Fig. 1 for a = 1, b = c = 2.
Using standard real-time Feynman rules [7, 8] one gets (in n space-time dimensions)
Inserting the thermal free propagators (2), extracting the imaginary part, and performing the integration over s 0 with the help of the function δ(
where E s = √ m 2 + s 2 , one finds
Here E s+q = m 2 + (s + q) 2 , E s−p = m 2 + (s − p) 2 , and in (17c) we used the identity n(−x) = −(1 + n(x)).
To simplify the notation it is convenient to introduce the 4-vectors V ± = 1, ± s Es
. With their help we can rewrite the arguments of the δ-functions in (17) as
(s − p)
We will consider the theory in the weak coupling limit, g ≪ 1. As shown in [10] , for n = 6 the theory becomes perturbatively unstable for temperatures above
so for given T the mass m must satisfy m > √ g T . We will consider the case √ g T < ∼ m ≪ T and calculate the spectral density for the vertex in the limit of soft external momenta,
As shown in [9] , for small g the leading contribution to the vertex function comes from hard loop momenta s ∼ T ; for this reason we can approximate in (18) (s + q)
as well as under the integral
These approximations decouple the angular and radial integrations [9] ; we obtain
The angular integral (22c) is identical with the one found by Taylor [11] for the spectral density of the 3-gluon vertex in hot QCD. In n = 6 dimensions the theory is renormalizable;
however, the radial integral (22b) overs = |s| then has an infrared divergence in the massless limit m → 0. This is different from the case of QCD (in n = 4 dimensions) where all hard thermal loops are finite [9, 11] . For φ 3 6 theory the mass m is therefore not only necessary to stabilize the vacuum, but also as an IR cutoff for the hard thermal loop for the n-point vertices with n ≥ 3.
The integral (22b) is evaluated in Appendix B. With its help the final result for the spectral function ρ 1 , to leading order in the coupling constant g, reads
For the mass m we should insert, following [10] , the value
which includes the 1-loop correction to the bare mass m 0 in the Lagrangean.
The other spectral density ρ 2 is now easily determined from
By inspection of the corresponding labelling of the diagram in Fig. 1 one observes that Γ 212 (p, q, −p − q) is obtained from Γ 122 (p, q, −p − q) by exchanging the legs with the external momenta p and q and routing the internal momentum s in the opposite direction. The resulting loop integral then becomes identical to the one before, Eq. (16). Both spectral densities are thus given, up to a trivial thermal distribution factor, by a common spectral function ρ HTL according to
This agrees with the observation by Taylor [11] that in QCD in HTL approximation the two independent spectral densities for the 3-gluon vertex degenerate.
IV. CONCLUSIONS
In the CTP approach we have derived a set of useful relations among the eight thermal components of the 3-point vertex function many of which we have not previously seen in the literature in this form. They simplify formal manipulations in the real-time formulation of finite temperature field theory. With their help we have found an alternative derivation of spectral representations, in terms of two independent spectral densities, for the various thermal components of the real-time 3-point vertex at finite temperature; they appear simpler than those given in the literature before.
We then proceeded to an explicit evaluation of these two spectral densities for the 3-point vertex in hot φ 3 theory in 6 dimensions in the hard thermal loop approximation. The purpose of this exercise was to to compare the result with the only other available such calculation, namely that by Taylor [11] for the 3-gluon vertex in QCD. Taylor's calculation was done in imaginary time while we worked in real time. In spite of severe differences in the basic structure of the two theories (in particular their infrared behaviour), the results for the spectral densities are structurally very similar. In both cases, the two spectral densities become essentially degenerate in the HTL approximation. In contrast to QCD, however, where the spectral density for HTL 3-point vertex is finite even for massless gluons, φ dependence compared to the case of QCD.
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APPENDIX A: DERIVATION OF SPECTRAL REPRESENTATIONS
We start from the explicit expressions for the retarded three-point functions in φ 3 theory:
(i) We begin with Γ Ro . Inserting the identities
one obtains
Subtraction of the identities
which result from conflicting θ-functions, then gives
With the help of Eqs. (10a) and (7a) this is transformed into
Using also Eqs. (11b,c) one finally gets
(ii) For Γ R one proceeds similarly. One writes
and subtracts the identities
This yields
Using Eqs. (10b) and (11a,c) this is then transformed into
(iii) Finally, Γ Ri is reexpressed by writing
and subtracting the identities
where ω 1 + ω 2 + ω 3 = Ω 1 + Ω 2 + Ω 3 = 0, and we used the new notationρ k = −2iρ k where (according to (A19)) the ρ k are real functions. The spatial momenta on both sides of the equations are equal.
(vi) In Ref. [18] it was shown that only two of the spectral densities ρ i are independent. This is consistent with the results derived here after realizing, by again using Eqs. (10) and (11), that
such that one may substitute ρ 3 = ρ 1 − ρ 2 in Γ R and ρ 3 = ρ 2 − ρ 1 in Γ Ri (please note the opposite sign in the two cases!). This then yields Eqs. (13) .
APPENDIX B: SOME INTEGRALS
In this Appendix we evaluate the radial integral (22b) for n = 6 dimensions. Transforming to the dimensionless energy coordinate ξ = E s /T , ξ 0 = m/T one finds a = T 
In (B2b) we returned to a dimensionless momentum coordinate x = ξ 2 − ξ 
These integrals can be evaluated with the methods given in Appendix C of Ref. [22] . One finds I3 2 (ξ 0 ) = π 4
